Abstract: In this work, by utilizing the extended reductive perturbation method, we studied the propagation of weakly nonlinear waves in a collisionless cold plasma and formally obtained the governing evolution equations of various order terms in the perturbation expansion. The result obtained here is exactly the same with that of Kodama and Taniuti [5], who employed "so called'' the re-normalization method. Seeking a progressive wave solution to these evolution equations we obtained the speed correction terms so as to remove some possible secularities. The result obtained here is consistent with the results of Malfliet and Wieers [6] , who employed the dressed solitary wave method and Demiray [7] , who utilized the modified reductive perturbation method.
Introduction
The studies of nonlinear waves of various fields in physics and engineering, by use of the reductive perturbation method, in the long-wave approximation, lead to the Korteweg-deVries equation as the evolution equation (Davidson [1] , Antar and Demiray [2] ). The study the higher order terms in the perturbation expansion by use of the reductive perturbation method gives some secularities (Ichikawa et al. [3] ). To remove such secularities Sugimoto and Kakutani [4] introduced additional slow variables both in space and time in reductive perturbation theory, but their result was not supported by other methods. Kodama and Taniuti [5] presented the renormalization procedure of the velocity of the KdV soliton. In [5] , employing the conventional reductive perturbation method, they showed that the lowest order term in the perturbation expansion is governed by the conventional KdV equation
whereas the higher order terms are governed by the linearized KdV equation with non-homogeneous term Lðu 1 Þu n ¼ S n ðu 1 ; u 2 ; . . . ; u nÀ1 Þ;
where ξ and τ are the slow variables in reductive perturbation method, i.e., ξ ¼ 1=2 ðx À tÞ, τ ¼ 3=2 t, where is the smallness parameter, u 1 ; u 2 ; . . . ; u n are the unknown coefficient functions of the formal perturbation expansion and S n ðu 1 ; u 2 ; . . . ; u nÀ1 Þ is the non-homogeneous term.
Here it is to be noted that for each n b 2, the nonhomogeneous term S n ðu 1 ; u 2 ; . . . ; u nÀ1 Þ contains a term proportional to u 1; ξ with known coefficient, say c nÀ1 0 0. On the other hand, it is well-known that if u 1 is the solution of conventional KdV equation, u 1; ξ will be the solution of the homogeneous linearized KdV equation
The term in S n proportional to u 1; ξ causes the secularity in the particular solution of (ii), namely, the particular solution will contain a term like c nÀ1 ξ u 1 , which causes to secularity in the solution. In order to remove such a secularity one must set c nÀ1 ¼ 0, which contradicts the previous result. Roughly speaking, in order to remove such a secularity, Kodama and Taniuti [5] wrote Eqs. (i) and (ii) in the following form
Then, they added on both sides of Eq. (iv) the term P nb1 n λu n; ξ , where λ is given as a power series procedure is that λ on the left hand side is not expanded into a power series whereas in the right hand side it is expanded. Then, setting the coefficients of various powers of equal to zero, their KdV equation is modified to
while the linearized equations become
Here we note that the left hand sides of Eqs. (v) and (vi) are not conventional KdV equations in terms of ξ and τ. Nevertheless, if we introduce the new coordinates system by
Eqs. (v) and (vi) reduce to the conventional KdV equations in the new coordinate system. Moreover, in order to remove the secularity in the solution, the coefficient of u 1; ξ in the right hand side of (vi) must vanish, e.g. λ nÀ1 þ c nÀ1 ¼ 0. This makes it possible to determine all λ n , consecutively. Kodama and Taniuti [5] called this heuristic approach as the "re-normalization method''. As this approach has no rational bases, it has been criticized by several scientists (see, for instance, Malfliet and Wieers [6] and Demiray [7, 8] ) and found this approach somewhat artificial. Motivated with the coordinate transformation presented by us in (vii), in the present work, by introducing a new set of slow variables and utilizing the conventional reductive perturbation method, we formally studied the propagation of weakly nonlinear waves in a collisionless cold plasma and obtained the governing evolution equations of various order terms in the formal perturbation expansion. We observed that the evolution equations obtained here are exactly the same with those of proposed by Kodama and Taniuti [5] in removing the secularities. We obtained these equations by extending the conventional reductive perturbation method through the use of a new set of slow variables and expanding a scale parameter into a perturbation series. This method will be named as "extended reductive perturbation method''. Seeking a progressive wave solution to these evolution equations we obtained the speed correction terms so as to remove some possible secularities.
Extended reductive perturbation formalism for ion-acoustic waves
Although the method described here is applicable to any kind of weakly nonlinear dispersive systems, for the reason of comparing the present results with ones existing in the literature, here we consider nonlinear ion-acoustic waves in a one dimensional collisionless plasma whose equations of motion are given by Davidson [1] 
where u is the flow velocity of ions, n is the fluctuation of ion density from the equilibrium configuration and φ is the electric potential.
In our previous paper [7] , we have proposed a method so called "the modified reductive perturbation method'' to examine the contribution of higher order terms in the perturbation expansion and applied it to ion-acoustic plasma waves for weakly dispersive case. There, we have shown that the lowest order term in the formal perturbation expansion is governed by the nonlinear KdV equation, whereas the higher order terms in the perturbation expansion are governed by the degenerate KdV equation with non-homogeneous term. The basic idea in this method was the inclusion of higher order dispersive effects through the introduction of a scaling parameter g, to balance the higher order nonlinearity with higher order dispersion. The negligence of higher order dispersive effects in the classical reductive perturbation method leads to imbalance between the nonlinearity and dispersion, which resulted in some secular terms in the solution of evolution equations.
Motivated with the physical idea behind modified reductive perturbation method and the coordinate transformation described in (vii), we would like to analyze the field equations (1) by use of a method so called the "extended reductive perturbation method''. For that purpose, we introduce the following slow variables:
where is a small parameter measuring the weakness of nonlinearity and dispersion and λ is a scale parameter to be determined from the solution of the field equations. We shall assume that the field variables are functions of these slow variables. Introducing (2) into (1) we have
Throughout this work we shall assume that the field variables and the scale parameter λ may be expressed as formal perturbation series in as:
where the coefficients n k , u k , φ k are some unknown coefficient functions of the slow variables ξ and τ, and λ k are sum unknown constant coefficients to be determined from the solution. Introducing the expansion (6) into the field Eqs. (3)- (5) and setting the coefficients of like powers of equal to zero the following sets of differential equations are obtained:
O() equations:
O( 2 ) equations:
Solution of the field equations
In this sub-section we shall give the solution to the field equations. The solution of the set (7) yields
where φ 1 ðξ ; τÞ is an unknown function whose governing equation will be obtained later. Introducing (11) into the set (8) we obtain
and
The evolution Eq. (13) is known as the Korteweg-deVries (KdV) equation.
To obtain the solution for Oð 3 Þ equations, we introduce (11) and (12) into (9) to get
where the function S ð2Þ ðφ 1 Þ is defined by
Eq. (15) is the linearized KdV equation in terms of φ 2 with a non-homogeneous term S ð2Þ ðφ 1 Þ. Here λ 0 is yet an unknown parameter which will be determined so as to remove possible secularities. Eqs. (15) and (16) are the same with those of proposed heuristically by Kodama and Taniuti [5] , who named it as re-normalization method. For the solution of Oð 4 Þ equations we introduce (11), (12) and (14) into Eq. (10) and utilizing Eqs. (13) and (15) one obtains the following evolution equation for φ 3 :
where the function S ð3Þ ðφ 1 ; φ 2 Þ is defined by
The evolution equation (17) is the linearized KdV equation for φ 3 with non-homogeneous term S ð3Þ ðφ 1 ; φ 2 Þ. The unknown constant λ 1 appearing in the expression of S ð3Þ ðφ 1 ; φ 2 Þ will be determined from the removal of possible secularities in the solution. Again, Eqs. (17) and (18) are the same with those proposed by Kodama and Taniuti [5] .
Solitary waves
In this sub-section we shall study the localized travelling wave solution to the evolution equations (13), (15) and (17). For that purpose we introduce
where the parameters α and c are two constants to be determined from the solution. Introducing (19) for i ¼ 1 into the evolution equation (13) we have
where the prime denotes the differentiation of the corresponding quantity with respect to ζ . Integrating (20) with respect to ζ and utilizing the localization conditio, i.e., φ 1 and its various order derivatives vanish as ζ ! Gy we obtain
Eq. (21) admits the solitary wave solution of the form
where a is the amplitude of the solitary wave. Inserting (22) into (21) and setting the coefficients of various powers of sech ζ equal to zero we obtain
To obtain the solution for Eq. (15) we introduce (19) for i ¼ 2 into (15), which results in
Integrating (24) with respect to ζ and utilizing the localization condition we have
Noting the relations
Conclusion
Employing the extended reductive perturbation method, the propagation of weakly nonlinear waves in a collisionless cold plasma is studied and a set of KdV equations are obtained as the evolution equations. These evolution equations describe the behavior of the original field equations given in (1), under the conditions of weak nonlinearity and long-wave limit. If these conditions are not met, such a far field approximation cannot be applied. The evolution equations are exactly the same with those of proposed in ad hoch manner by Kodama and Taniuti [5] , in which they employed "so called'' the re-normalization method, which was introduce in an ad hoch manner. In this work we proved the validity of re-normalization method through the use of extended reductive perturbation method. By seeking a progressive wave solution to these evolution equations a set of speeds associated with each time parameter is obtained. It is observed that the lowest order wave speed corresponds to the wave speed found in conventional reductive perturbation method. It is shown that the present result, which is based on the formal perturbation expansion, is consistent with the results of Malfliet and Wieers [6] and Demiray [7] .
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